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Nomenclature
Cl = lift coef� cient based on wing area
h = plunge amplitude
k = reduced frequency based on wing semispan
kr = reduced frequency based on mean wing semichord
M = Mach number
n = number of boxes in aerodynamic model
nc = number of chordwise boxes on wing
s = wing semispan

Introduction

T HE subsonic doublet lattice method1,2 (DLM) is com-
monly used for the calculation of unsteady air loads on

aircraft. This method can be regarded as an extension of the
vortex lattice method (VLM), which is used for steady load
calculation. The downwash factors in the DLM are calculated
as the sum of a steady component, identical to that of the
VLM, and an unsteady component. Whereas the steady com-
ponent is exact, the unsteady component is approximated. Both
the VLM and DLM suffer from a discretization error, the error
introduced by dividing a lifting surface into � nite panels. The
DLM is much more sensitive to chordwise paneling than the
VLM because of the oscillatory nature of the downwash of a
lifting surface element in unsteady � ow. In addition, the DLM
suffers from an integration error, the error resulting from in-
accuracies in the calculation of the unsteady component of the
downwash factors. To obtain acceptably accurate results from
the DLM, application guidelines must be adhered to.

Historically, the application guidelines separated the dis-
cretization and integration errors.2,3 A minimum number of
chordwise boxes per wavelength is speci� ed to limit the dis-
cretization error, whereas a maximum box aspect ratio is spec-
i� ed to limit the integration error. Reference 2, which describes
the use of parabolic approximations to the kernel numerators,
suggests using box aspect ratios not much greater than unity
and at least 25 boxes per wavelength (at the wing root). Ref-
erence 3 suggests using box aspect ratios less than three and
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at least 12.5 boxes per wavelength, also for a parabolic ap-
proximation.

For most aeroelastic applications, the combination of these
two conditions dictate a � ne spanwise paneling. Therefore, it
was not necessary to address the spanwise paneling require-
ment explicitly. Rodden et al.4,5 described quartic approxima-
tions to the kernel numerators and suggested that the higher
degree approximation may allow the use of aspect ratios of up
to 10. If such high box aspect ratios are used, attention will
have to be given to convergence with respect to spanwise pan-
eling. A minimum number of 50 chordwise boxes per wave-
length (at mid-span) was suggested in Ref. 5, which is signif-
icantly more than what had previously been suggested for the
parabolic approximation.

The guidelines for the number of boxes per wavelength were
arrived at by re� ning the chordwise paneling and noting when
the results became stationary to within the desired limit. The
higher box aspect ratio limit suggested in Ref. 5 was arrived
at by continuing the re� nement of the chordwise paneling and
noting that the results did not deviate from the stationary result.
The discretization and integration errors were not separated in
these studies. In the present study, the two sources of error are
separated using a much more accurate approximation to the
kernel numerators.6

Convergence with Respect to Chordwise Paneling
Results for a two-dimensional case are presented � rst to get

an indication of the expected convergence behavior of the
DLM in the absence of any spanwise integration error. The
test case is that of an airfoil oscillating in pitch, for which Von
Kármán and Sears7 gave an analytical closed-form solution.
An incompressible two-dimensional DLM was used to calcu-
late the ratio of the unsteady moment to the steady moment at
kr = 2. Only the contribution of the pitching motion to the
boundary condition was used, as was done in Ref. 7. Results
for 16– 1024 chordwise panels are plotted against 1/n in Fig.
1. The real and imaginary parts of the analytical result are
indicated by short horizontal lines drawn onto the vertical axis.
It is seen that the DLM results converge to the analytical result
along approximately straight lines. The DLM results were ex-
trapolated to an in� nite number of panels (1/n = 0) from the
last two points of each line and compared to the analytical
result. The relative error, i.e., the magnitude of the difference
divided by the magnitude of the analytical result, is 0.003%.

The AGARD wing and horizontal tail in plunge at M = 0.8
and kr = 1.2 is used to illustrate the convergence behavior,
with respect to chordwise paneling, of the DLM for different
levels of integration error. The wing and tail are divided into
eight strips at 1/6, 1/3, 1/2, 2 /3, 5/6, 0.9, and 0.96 fractions of
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Fig. 2 Lift coef� cient of AGARD wing and tail in plunge. Fig. 3 Convergence histories for constant box aspect ratios.

the span, the same divisions used in Ref. 5. The wing and tail
are divided into different numbers of chordwise boxes, viz.,
10 and 6; 14 and 8; 18 and 10; 22 and 12; 26 and 14; 30 and
16; 36 and 20; 44 and 24; 52 and 28; 60 and 32; 72 and 40;
88 and 48; 104 and 56; 120 and 64; 144 and 80; and 176 and
96, respectively. The real parts of the normalized lift coef� -
cient are plotted against 1/nc in Fig. 2 for parabolic, quartic,
and 129 point spline approximations to the kernel numerator.
The results for the parabolic and quartic approximations level
off for large numbers of chordwise boxes, with the results for
the quartic approximation doing so at a larger number. The
results for the spline approximation do not level off, but follow
an approximately straight line. This is the same behavior ob-
served for the two-dimensional case.

The results from the present implementation of the DLM
using the quartic approximation to the kernel numerators
match the results in Ref. 5 to the three decimal places pre-
sented there with one exception, which seems to be a repro-
duction error in Ref. 5: the normalized lift coef� cient for 22
chordwise boxes on the wing and 12 on the tail is given as
4.3961i2.961, whereas the present implementation calculates
it as 4.3961i2.967. The results of the present implementation
using a parabolic approximation to the kernel numerator and
using Laschka’s 11-term exponential polynomial8 in evaluating
the kernel functions also match those presented in Ref. 5. The
results for the parabolic approximation presented here were,
however, calculated using Desmarais’ D12.1 approximation in
evaluating the kernel functions.9

Convergence at Constant Box Aspect Ratio
The historical guidelines do not give an indication of the

fully converged solution for a particular problem, nor an es-
timate of the error. This can, however, easily be obtained by
simultaneously re� ning the spanwise and chordwise paneling
of a lifting surface in such a way that the box aspect ratios are
kept reasonably constant. Different aerodynamic grids for the
AGARD wing and tail were generated using the minimum
number of boxes while satisfying restraints on maximum box
aspect ratio and maximum box chord. Box aspect ratios of 8,
6, 4, 2, 1, and 0.5 were speci� ed. A series of successively � ner
grids were generated for each aspect ratio by specifying a
range of decreasing box chords. The aspect ratios quoted are
upper limits, most boxes having smaller aspect ratios. Because
of the different taper ratios of the wing and tail, it was not
possible to give all boxes the same aspect ratio.

The unsteady lift coef� cient of the AGARD wing and tail
in plunge at M = 0.8 and kr = 1.2 was calculated using these
grids and using a quartic approximation to the kernel numer-
ator. Figure 3 shows the convergence histories of the real part

of the normalized lift coef� cient. The results are plotted against
, which is proportional to linear box size. The results for1/ nÏ

the different box aspect ratios converge along approximately
straight lines with different slopes to practically the same
value, indicating that the integration error diminishes along
with the discretization error.

Conclusions
The convergence of the subsonic DLM with respect to re-

� ning chordwise paneling, as well as convergence with respect
to simultaneously re� ning chordwise and spanwise paneling,
was investigated. In the former case, this study suggests that
in the absence of integration error, the DLM results would
converge along approximately straight lines when plotted
against box chord. The leveling off of DLM results with re-
spect to reducing box chord is a result of the integration error
introduced by the approximations to the kernel numerators and
is not related to physical conditions for convergence. This ex-
plains why more chordwise boxes are required to achieve sta-
tionarity of results with respect to chordwise paneling when
using the more accurate quartic approximation than when us-
ing the parabolic approximation.

In the latter case, the DLM results converge to practically
the same values along approximately straight lines, regardless
of the approximation to the kernel numerators used or the box
aspect ratio. For practical problems the nonconvergence error
can be estimated by employing two grids, one twice as � ne in
chordwise and spanwise paneling as the other. The difference
between the results obtained from the two grids is an indication
of the error in the results of the � ner grid. The coarser grid
must meet basic requirements to ensure reasonably linear con-
vergence behavior. Although not illustrated here, � ve or more
spanwise strips and four or more chordwise boxes were found
to be suf� cient to ensure linear convergence behavior of the
DLM for rigid motions at low frequency. When applied to
elastic modes of wings and wings with control surfaces, this
requirement should be interpreted as � ve or more spanwise
strips between bending mode node lines, and four or more
chordwise boxes on each chordwise section (leading-edge con-
trol surface, � xed part, and trailing-edge control surface). For
higher frequencies, the requirements of box size relative to
wavelength may require a � ner grid.

Large box aspect ratios resulting from the re� nement of
chordwise paneling does not have a detrimental effect on the
DLM results. Rather than limiting box aspect ratio and box
chord, it may be more appropriate to limit the spanwise and
chordwise extent of doublet lines. This will result in a � ner
paneling scheme for highly swept planforms than for unswept
or moderately swept planforms, which is not the case when
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Fig. 1 Experimentally determined wing-rock-amplitude envelope
for an 80-deg delta wing.

Fig. 2 Effect of leading-edge sweep on delta-wing roll damping
at high angles of attack.9

limiting box chord and box aspect ratio. On the other hand, it
will permit paneling of delta wings with little effort and with-
out violating the guidelines. A limit of one-quarter of a wave-
length on both the spanwise and chordwise extent of a doublet
line is suggested to ensure reasonably linear convergence be-
havior with respect to simultaneous re� nement of spanwise
and chordwise paneling.
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Introduction

S INCE the initial experiments by Nguyen et al.1 and Levin
and Katz,2 which showed that an 80-deg delta wing at high

angles of attack exhibits the limit-cycle oscillations in roll,
referred to as slender wing rock, Arena and Nelson3,5– 7 and
Arena et al.4 have been performing a series of tests and anal-
yses of a sharp-edged 80-deg delta wing, aimed to provide
insight into the � uid mechanical processes causing slender
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wing rock. In Fig. 1 theirexperimental wing rock results7 are
compared to those in Refs. 1 and 2. How the difference be-
tween the results in Refs. 1 and 2 was caused by the different
experimental setups is discussed in Ref. 8. The likely reason
that the test results in Ref. 7 show a higher maximum limit-
cycle amplitude than those in Refs. 1 and 2 (Fig. 1) is that the
damping provided by the bearing friction in Refs. 1 and 2 was
almost completely eliminated in Ref. 7 by the use of an air
bearing. The predicted start of wing rock9 (Fig. 2) agrees well
with these friction-free test results (Fig. 1). In addition to
knowing when slender wing rock will start for a particular
leading-edge sweep9 (Fig. 2), the vehicle designer also needs
to know how large the limit-cycle amplitude can become when
the critical angle of attack is exceeded; e.g., a > 20 deg for L
= 80 deg (Fig. 2). A simple analysis for the determination of
the maximum possible limit-cycle amplitude is described,
which produces results that compare well with the experi-
mental results in Fig. 1 for the 80-deg delta wing.

Maximum Limit-Cycle Amplitude
Experimental results for the 80-deg delta wing4 (Fig. 3a)

show that when the roll angle is increased from f = 0 to the
maximum wing rock value, f = 44 deg (Fig. 1), the left, lat-
erally leeside vortex increases its distance above the wing sur-
face from zV = zv/s ’ 0.47 to zV ’ 1.04 while moving outboard
from hV = yv/s ’ 20.65 to hV ’ 21.70. Combining the zV,
hV results in Fig. 3a gives the vortex location relative to the
wing as a function of roll angle (Fig. 3b). The combined effects
of the vortex-induced suction and downwash will contribute


